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Abstract. Phase transformations in 2xxx series aluminium alloys ( Al — Cu — Mg ) are
investigated with an off-lattice atomistic kinetic Monte Carlo simulation incorporating the
effects of strain around misfitting atoms and vacancies. Atomic interactions are modelled by
Finnis-Sinclair potentials constructed for these simulations. Vacancy diffusion is modelled
by comparing the energies of trial states, where the system is partially relaxed for each
trial state. No special requirements are made about the description of atomic interactions,
making our approach suitable for more fundamentally based models such as tight binding if
sufficient computational resources are available. Only a limited precision is required for the
energy of each trial state, determined by the value of kgT'. Since the change in the relaxation
displacement field caused by a vacancy hop decays as %3, it is sufficient to determine the
next move by relaxing only those atoms in a sphere of finite radius centred on the moving
vacancy. However, once the next move has been selected, the entire system is relaxed.

Simulations of the early stages of phase separation in Al-Cu with elastic relaxation show
an enhanced rate of clustering compared to those performed on the same system with a
rigid lattice.

1. Introduction

The mechanical properties of commercial aluminium alloys are manipulated by the process
of ageing the supersaturated solid solution. In the Al-4wt.%Cu system, copper atoms cluster
together on {200} ; host planes to form metastable particles known as Guinier-Preston (GP)
zones. These particles are copper-enriched discs just a few atoms thick, which are coherent
with the matrix, and up to 50nm in diameter[1, 2, 3]. On further ageing the GP zones
undergo a change of structure before transforming eventually into the thermodynamically
stable 6 phase CuAl, , which is incoherent with the host. There is a corresponding peak in
the flow stress, where dislocations switch from cutting coherent GP zones to forming loops
around incoherent 6 phase particles. In the 2xxx series of alloys, magnesium is added and
the precipitation sequence changes. First coherent GPB zones form as (100) rods, which
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ripen into laths of the orthorhombic S phase Al,CuMg [4, 5, 6, 7, 8]. The precipitates
formed can be changed again with the addition of a fourth alloying element. The addition
of Si leads to a finer precipitate dispersion, while adding Ag can produce Mg-Ag clusters in
the early stages of decomposition leading to the € phase forming on {111}4; planes.

While the observed structures of GP zones are well established[9, 10], and the effects of
the addition of certain trace elements have been studied experimentally[11, 12, 13], modelling
the effect of trace elements on kinetics is a difficult problem. Their influence may stem from
the formation of complexes with vacancies, which will reduce the rate of diffusion and of phase
separation. It is also possible that large trace element atoms may be attracted to small solute
atoms by the concomitant reduction in strain energy of the system, and in this way promote
the formation of a co-cluster. Apart from reductions in the total strain energy of the system
through such an association there may also be much shorter-range gains in bond energies.
It follows that the influence of trace elements is inherently atomistic in nature, in that it
stems from discrete atomic interactions with point defects such as vacancies and other solute
atoms. However, misfitting atoms and vacancies interact over large distances compared with
a bond length through their elastic fields. It is the requirement to treat both discrete atomic
interactions and long-range elastic fields on an equal footing in dilute alloys that makes
the modelling of the influence of trace elements so challenging. The purpose of this paper
is to present a methodology to meet this challenge. Since our methodology treats atomic
vacancies explicitly we are able to include the possibility that vacancies may become trapped
at interfaces surrounding second-phase particles, which may lead to Brownian motion of
particles as described in [14, 15, 16].

A vacancy is a centre of tensile dilation, and so it will be attracted to regions of
compressive stress. The pattern of compressive stress will follow the underlying local
composition of the system, enhancing the time spent by a vacancy in some areas, while
reducing it in others. If the pattern of compressive stress is enhanced along particular
crystallographic directions, owing to elastic anisotropy, the increased probability of finding
a vacancy in these regions may be expected to influence the mobility of solute atoms there,
which in turn may influence the morphology of the second-phase particle.

Eshelby’s sharp interface construction[17, 18] may go some way to predicting equilibrium
morphologies of the emerging phase from the elastic constants and lattice misfit, but a general
analytic form may not be found for anything other than the simplest geometric shapes,
requiring numerical solutions of the remaining boundary integrals[19, 20]. Khachaturyan’s
formulation[21, 22, 23| for the elastic energy has recently been extended to model elastic
inhomogeneity as a perturbation expansion for the anisotropic elastic case[24], but it may
still have difficulty addressing the motion of vacancies, and their localised interaction with
very small concentrations of trace elements.

As we will show, finding the displacement field to sufficient accuracy around a vacancy
in an inhomogeneous system necessitates going beyond a harmonic lattice model. This
forces us to perform off-lattice Monte Carlo, which is a much more expensive calculation.
But there are also considerable benefits, such as the ability to model the breakdown of
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interfacial coherency, and changes in crystal structure of second-phase regions. To the best
of our knowledge this is the first presentation of an atomistic simulation of a bulk diffusional
transformation which does not preserve a reference lattice.

There are three principal steps we have taken to enable us to model diffusional processes
atomistically with elastic interactions. Firstly we have improved the kinetic Monte Carlo
algorithm used to select each vacancy hop, by developing an efficient combination of the
stochastic first and second order residence algorithms which outperforms the n-fold way for
this problem. This is described in detail elsewhere [25]. Secondly we have developed an
iterative scheme based on the Lanczos method to tridiagonalise a matrix, which appears
particularly suited to relaxing the system following a vacancy-atom exchange. We believe
that this is the first application of the Lanczos algorithm to an elastic relaxation problem.
Finally, although the relaxation propagates to the boundaries of the system, we have found
that the majority of the change of the elastic energy due to a vacancy-atom exchange can
be recovered by relaxing only those atoms in a near field region.

The purpose of this paper is to demonstrate the importance of considering elastic stress
effects when performing kinetic Monte Carlo simulations. We show that the harmonic lattice
approximation is insufficient for accurately prediciting the difference in energy between trial
Monte Carlo states. However, an approximation based on relaxing those atoms within a
small sphere centred on the vacancy is enough to determine the next move, provided that
eventually the whole system is relaxed after each move. Simulations of diffusion performed
in the aluminium-copper-magnesium ternary alloy system show that for a fixed number of
vacancy- atom exchanges, larger clusters grow on a flexible lattice owing to the reduction
in elastic strain energy this can provide. However, it is also found that since vacancies are
preferentially attracted to compressive regions, they can become trapped within emerging
magnesium-rich regions, and this can have the opposite effect of slowing the growth rate of
second-phase particles.

2. Computational method

2.1. Kinetic Monte Carlo

Kinetic Monte Carlo[26, 27, 28] enables us to associate a meaningful time with simulated
stochastic events. In our example of vacancy diffusion, adjacent atomic configurations are
linked by a single vacancy-atom exchange event. If there are V' vacancies in the system
and the vacancy is in a region of crystal with a local coordination number of z ( in fecc
crystals z=12), there are Vz accessible neighbouring configurations{. We have developed
[25] a new algorithm that combines the n-fold way with a stochastic version of the second
order residence time algorithm to move between configurations. This new algorithm is more
efficient than either the n-fold way or the second order algorithm.

The probability that any one of these events will be the next to occur is proportional

1 This is an upper limit as we exclude vacancy-vacancy exchanges
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to the rate at which the event occurs. The rate appropriate for the movement of a point
defect is given by Vineyard’s equations[29]. While the terms in this expression could be
calculated exactly, in practice it is difficult to establish converged saddle point energies ‘on
the fly’. Instead we have used Flynn’s approximation derived from dynamical theory[30] to
determine a rate for the transition based on the difference in internal energy between states.
The rate of migration from state i to state j passing through a saddle point s is given by

1
3 /2 <C> QAQ Ej — El
e (5) VD exp <_ kT ) (_ kT ) (1)

where FE; is the energy of the system in state ¢ when the system is fully relaxed, vp is
the Debye frequency and €) the volume of the migrating atom. The parameter A is the
displacement, expressed as a fraction of the bond length, at which the force on the migrating
atom is a maximum, and is taken to be the constant value 0.316. é is an effective elastic

compliance. For fcc crystals it is given by

12 ( 3 n 2 . 1 > (2.2)
() 15 \enn  enn—ca cu '
Only !/, < 110 > hops are considered. Saddle points for exchanges with the next-nearest

neighbour shell of atoms are around 2eV higher in energy and so are assumed so infrequent
as not to affect the kinetics.

2.2. Interatomic potentials

We have constructed a set of relatively short-ranged Finnis-Sinclair potentials [31] for this
study. They have been parameterised to reproduce elastic constants, the cohesive energy
and lattice parameters of the pure metals, and we use a simple interpolation scheme for the
parameters of the potentials for interactions between dissimilar atoms. Our potentials have
been described fully in [25].

Our potentials will not reproduce correctly the subtle energy differences between
intermetallic structures, and hence they will not reproduce the phase diagram, which is
very complex. Nevertheless, they suit the present need by providing a means of estimating
relaxation forces and energies for arbitrary alloy configurations, while reproducing the elastic
properties of the pure metals. Monte Carlo simulations of annealing at zero external stress
found that our potentials favour intermetallic phases at the compositions Al;Cu , AlCu
and CugAl with crystal structures L1y , L1y and L1, respectively.

2.3. Lanczos Method for relaxation

An efficient algorithm for finding relaxed states is required because there may be many
millions of configurations generated during a kinetic Monte Carlo simulation of the early
stages of diffusional phase separation by a vacancy mechanism. Consider first the harmonic
lattice approximation. The energy may be expanded as a Taylor series about the current
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configuration which may be represented by a vector xy in 3N dimensional space describing

the positions of each of the N atoms in the system:
OFE 1 OFE

E(x0+u):E(Xg)+a—X ‘utsu- IO XOu

The 3N dimensional vector u is a displacement from the current configuration x,, which is

(2.3)

X0

assumed to be small in magnitude. We identify the first derivative of the energy as minus

the 3N dimensional force f = — %—g

2
D= ) . These two derivatives are evaluated analytically at the current configuration
X0 |, yuealy &

and the second as the matrix of force constants

X0

Xy using the interatomic potentials.
Equation (2.3) has a minimum with respect to u given by

f = Du
u = DIf

The change in energy brought about by making this displacement from the current

(2.4)

configuration is obtained by substituting equation (2.4) into equation (2.3):
AE = —'hpf -D'f (2.5)

For the aluminium-copper alloys of interest to this study the displacements of atoms
near a vacancy are relatively large and sensitive to the local atomic structure, and the
harmonic approximation is unable to reproduce the energy differences between neighbouring
states with sufficient accuracy. The error in the estimate of the energy difference between
adjacent atomic configurations can be judged by comparing the energy change predicted by
the harmonic approximation with the energy change if both before and after configurations
are allowed to relax completely using an anharmonic relaxation algorithm. These errors are
plotted in figure 1. 100 trial configurations were constructed for atomic concentrations of
Cu in Al of 2% to 20% in 2% increments. The copper atoms were randomly positioned, and
a single vacancy considered. Each of the twelve accessible vacancy- atom exchanges were
performed at each configuration.

The difference in energy between harmonically relaxed states is in error by the order of
0.1eV. Since this is the same order as the total energy difference between states, counting
both chemical bond energy changes and elastic energy changes, the harmonic relaxation
approximation is seen to be unsuitable for this study.

An anharmonic calculation could be done in a number of ways, e.g. using damped
molecular dynamics or energy minimisation with conjugate gradients. In this way atoms
may be displaced considerable distances from their ideal lattice positions, and changes in
the state of coherency of interfaces surrounding second-phase particles may be modelled,
as may local changes in crystal structure, provided the relaxation algorithm explores the
local configuration phase space sufficiently. However, it is considerably more expensive
computationally than the simple harmonic approximation.
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We have found that significant computational gains may be made if an algorithm derived
from the Lanczos method of tridiagonalizing a matrix [32] is employed. The strategy is to
find an approximate solution to equation (2.4) and displace atoms through this vector.
We will denote an approximate value with a tilde (7). The force and force constant matrix
elements are then recalculated and further displacements constructed until the system energy
has converged to an acceptable tolerance. Restarting the calculation in this way not only
prevents error accumulation, allowing a machine precision solution if desired, but also side-
steps the known problems associated with keeping the Lanczos basis vectors orthonormal.

Equation (2.4) is notoriously difficult to solve for u. The force constant matrix is sparse,
but its inverse is not, and it may well be too large to store. However, the Lanczos method
allows us to recast this equation in a basis where the matrix D may be represented as
a tridiagonal matrix. The tridiagonal matrix is constructed through repeated operations
involving a multiplication by the matrix D.

The Lanczos method is perhaps most familiar in solid state physics in the context of
calculating local densities of electronic or vibrational states [33]. Our use of the method here
is quite different, namely we are generating an approximate solution for u in equation (2.4)

Errors in the harmonic approximation

1000

100

frequency ( arbitrary units )

10

0 0.1 02 03 04 05
energy error (eV)

Figure 1. Errors in estimation of energy difference between neighbouring
configurations using a harmonic lattice model. The vertical axis is measured in
arbitrary units. The line shows a decaying exponential fit to the data and is present
to guide the eye. A substantial fraction of the estimates of energy change ( 6% ) are
in error by more than 0.1eV, and so of the same size as the total energy difference
between states.
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for which AE in equation (2.5) has converged. The method constructs a new orthonormal
basis set of vectors. After m such basis vectors have been generated, the subspace they span
is known as the Krylov subspace:

Kn (D,f) = {£,Df,..., D" 'f} (2.6)
The representation of D in this basis is the tridiagonal m x m matrix T,,.
ap B
B oar B

define T,, : ®'D®,=T, = By an (2.7)
‘ ‘ ﬁm—l

Bm-1 Qm-1
where the columns of the 3N X m matrix ®,, are the m generated basis vectors
{b0, P1, ..., dm—1} each of dimension 3N. This matrix spans the same subspace as IC,,, (D, f).
The coefficients o and 3 and the basis vectors ¢ are found by the Lanczos algorithm,
which is an iterative process [32]:

o1 =0
1
- _—f
%0 Il
ﬁm+1¢m+1 = D¢m - O‘m¢m - ﬁmﬁbmfl (28)

where U = O - Dy,

Om-1 Doy, , m>0
d =
and {Hm om0

(2.9)

Finding each successive pair of o and (3 requires a matrix-vector multiplication.
We may obtain approximate solutions for AE and u in the subspace K,, (D, f). The
predicted relaxation energy at this stage is

AE, = =% |fII*[T,)] (2.10)

00
[T, oo is the element in the top left hand-corner of the inverse of the matrix T,,. The

predicted displacement at this level is
u,, = ||f]| ®,,T, e (2.11)

where e is the m-dimensional unit vector [1,0,0, ...O]T. The iterative procedure of equation
(2.8) can be halted when AE,, has converged, and then the displacement vector may be
found.

We note that the displacement vector may be constructed directly from equation (2.8)
as the basis vectors are constructed, in a manner analogous to that used by the method of
Conjugate Gradients. The SYMMLQ algorithm[34] for instance computes the solution of
T,.ym = |[f|| e progressively using Gaussian elimination with partial pivoting. However,
we use an alternative method for calculating the displacement vector which does not rely
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on inverting the tridiagonal matrix, but instead is an iterative scheme using the change in
energy at level m. Our method does require storing the basis vector set ®,,, , but we believe
this extra cost to be offset by the improvement in convergence available by the method of

section 2.4. We expand the displacement in the m generated basis vectors {¢g, ¢1, . .., Om_1}:
m—1
W= Y 0, (2.12)
=0
The orthonormality condition of the basis vectors ¢, and equation (2.8) gives
AE,, = — 'huy, - £ = =560
2AFE,,
SO Yo = — (2.13)
Do
W, Do =1F-¢o=0 =D 70 Do =0 + 715
J
© _ Bo— % (2.14)
b
The coefficients v, for k£ > 1 are found by the iterative procedure:
k>1 ¢ wy-Dop=f-¢p=0=) ~;¢;- Do
J
= WOk + V10641 + Ve-10k
. - _ Ve—20k—1 + Y101 (2.15)

B

As seen in equation (2.8), the initial vector ¢q is a unit vector in 3N dimensional space
in the direction of the force f . Each successive multiplication by D in equation (2.8)
enables the relaxation to spread further from the centres where the forces in f are located.
Since the change in the relaxation energy associated with a vacancy hop decays rapidly with
distance from the vacancy, a rapidly convergent estimate of the relaxation energy may be
obtained, together with a good approximation to u.

Thus there is a sound physical basis for our choice of the Lanczos method to relax the
system for each trial vacancy-atom exchange.

2.4. Improving the solution

We have found that the efficiency of the convergence of the Lanczos procedure can be
improved by storing and reusing information generated during previous relaxations. We will
show that the values of a and (8 found during the tridiagonalisation process can improve the
estimate of the energy change after only m levels have been performed. By substituting this
improved energy into equations (2.13) to (2.15), the displacement vector is also improved.

The change in energy after m levels can be written as a continued fraction ( see e.g.
Heine in [33] ). From equation (2.10) we write
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—'h3
3
33

AE,, = (2.16)

g —

] —

Om—1 — 551

Going to another level m + 1 does not affect the previously found coefficients o and
[, but can improve the energy estimate by adding to the end of the continued fraction. It
would be possible to improve the estimate of the energy change if we could terminate the
continued fraction at level m with something which better represents the tail of the fraction.
It is found numerically that averages a and b constructed from the coefficients « and (3
converge to constant values, but that even after thousands of levels the values for a and 3
rapidly oscillate about these averages. As a first choice, a quadratic terminator constructed
from the averages could be used to replace the tail of the continued fraction at level m, by
substituting 32 in equation (2.16) with %, where:

b2 a 2\
t=a—— =-[14+,1-(Z2 2.17
@ t 2 + (a) ( )
R R (2.18)
a—mjzoozj, —mj:1 ; .

The form for the quadratic terminator in equation (2.17) is valid because the discriminator
is always positive.

While it is possible to ensure convergence in these averages by going to enough levels,
we are looking for a displacement vector estimated from only the first few basis vectors. Too
many levels of the procedure gives a well-converged solution only to the harmonic problem
of equation (2.4). We find AE,, has typically converged to 0.1% when T,, is constructed to
level m =6 to 12. Note that the numerical errors at this level remain small. This is why we
have no need for renormalisation of the basis set ®,,. We are trying to find a displacement
vector which will minimise the system energy on a weakly anharmonic potential energy
surface. To converge to the true minimum we calculate the force and matrix elements at the
current atom displacement, call the Lanczos procedure of 2.8 to generate a better solution
and move the atoms. Starting from an initial position xg , this produces a succession of

estimates for the local energy minimum xo, xo + 0, xo + 0@ +a®, .. .. The displacement
vectors are generated by:
D|. u® =~ f
X0 - (1) X0
D ’xOJrﬁ(o) u ~ f’xDJrﬁ(o) (219)

We are using the Newton-Raphson method to approach the solution, so the input

forces f|, . f| . diminish in magnitude quadratically. However, the input matrices

X0+ ©® 1 - -
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D| D|XO+ﬁ(0)7...
reflecting the weakly anharmonic nature of the potentials near the minimum position.

o change only slightly as the the position of the atoms is updated,

As a function of the number of levels m, information about the extreme eigenvalues
converges faster than information about the eigenvalues in the middle of the spectrum.|[33]
Therefore, it is possible to estimate the limits of the eigenvalue spectrum from a finite number
of values of o and (3. Long-range elastic interactions are determined by the properties
of the lower limit of the spectrum. The short-range displacement field around a vacancy
is determined primarily by the first few levels of the continued fraction. By attaching a
terminator to the continued fraction not only are we able to describe long-range elastic
interactions but we also embed a finite cluster centred on the vacancy in an infinite medium
characterised by average elastic properties. This embedding also influences the short-range
displacement field around the vacancy.

The values of the coefficients o and 3 to level m’ are stored, and they are over-written
by new values as they are generated until the criterion for convergence of the relaxation
energy is satisfied. Subsequently we wish to calculate the change in the relaxation energy
when a vacancy is exchanged with a neighbour. Convergence of the change in the elastic
relaxation energy is attained with a smaller number, m, of exact levels. To calculate the
change in the elastic relaxation we use the following continued fraction, where we note that
the first m pairs of coefficients o and ( are those computed for the displaced vacancy, the
remaining m’ — m pairs of coefficients o and 3 are those stored and not over-written, and ¢
is the terminator of equation (2.17), averaged over all m’ coefficients:

1 2
AE,, = 21 0 (2.20)
B
Qo — !
2
Om—1 L 2
U m+1
: 2
O/ —1 — ﬁm’
t

The improved estimate for the energy change calculated using 2.20 is substituted in
equation (2.13) to get an improved estimate for the displacement vector. Note that since
the values of v and (3 are exact to level m, the projection of this new estimate on the true
solution to equation (2.4) is greater than that available previously, even though it is within
the same Krylov subspace K, (D, f).

This algorithm can be efficiently coded in parallel. A domain decomposition is used to
construct the elements of D . The matrix elements do not then need to be broadcast to
perform the matrix-vector multiply in equation (2.8).

To summarise our relaxation scheme:

e (Calculate the force f and force-constant matrix D .
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e Use equation (2.8) to construct a tridiagonal representation of D to the m™ level.
e Write over the stored values of @ and 3 to the m'™ level.

e Use equation (2.20) to calculate the energy AE,, at level m, and to decide if this has
converged satisfactorily.

e Use equations (2.13) to (2.15) to construct a displacement vector u.

e As with all Newton-Raphson methods, ensure the displacement u is genuinely a
reduction in system energy, and perform a 1d line search for the energy minimum along
the direction of u if not.

e Repeat these steps until the true local energy minimum has been found.

2.5. Short-range relaxation region

The displacement field around a point defect scales in magnitude as %2 , where r is the
distance from the defect. Starting from a fully relaxed system of atoms, a single atom-
vacancy exchange is performed to construct a new trial configuration. The additional
displacement field introduced by this exchange will be dipolar, and so scale as %3 This
displacement is short-ranged and so the greatest contribution to the elastic energy change
due to an exchange will come from the minor corrections of the positions of the atoms close
to the exchange event.

As we are undertaking a Monte Carlo simulation, it is necessary that the energies be
accurate only to within a fraction of the thermal energy. At 300K, this energy is 0.025eV. If
we ensure that the energy differences are accurate to about 10% of this value, the decision
of the next state to visit will be made incorrectly about 1% of the time. We need an
approximation method which can reliably make estimates of the energy difference between
states to within about 1meV.

A good approximation to the elastic energy change is found by pinning all atoms more
than a fixed radius R distant from the original vacancy location, and only relaxing those
within. If this is done, after relaxation only those atoms immediately exterior to the sphere
will still have a finite net force acting on them. The error in the elastic energy will be

due to the failure of the embedding external medium to respond to the change in shape of
77
if a second virtual state is considered, it too will have an error of roughly the same size.

the interior and vice-versa. This energy error will be positive, and scale as However,
All virtual states will therefore have a systematic component to the error due to the non-
propagation of the force dipole to infinite range. An additional error component will be due
to the coupling of the inhomogeneities in the far field and the force dipole. As larger near
field regions are assumed, this error component will tend to zero. As this error must be
kept small compared to the thermal energy, we have determined our cut-off range R to be
three times the range of the potential, covering a sphere of 754 lattice sites plus the original
vacancy position.

The systematic error component may be removed without affecting the statistical
likelihood of selecting a given state. This error will appear in the free energy as a constant
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additional term, and so in the rate as a constant multiplier. If after the move the system
is allowed to relax fully, then a comparison may be made between exact and approximate
energies. This difference can be ascribed to the systematic error, and so the rates may be
corrected. If the system is relaxed after every move, the energy of the previously visited
configuration will always be stored exactly, so that the rates may be corrected even before
the exchange is made.

The difference in energy between elastically relaxed states made using the short-range
approximation is shown in figure 2. It can be seen that if a sufficiently large relaxation region
is chosen the magnitude of the energy error can indeed be made sufficiently small. Note that
our relaxation region is considerably larger than that used previously [35, 36, 37], and that
we can acheive very small errors in the energy difference by ensuring that the whole system
is relaxed before each move is performed.

Errors in the short-range approximation

1000 A O T G G S I bt

e @ short- range 754 -
"""""""""""""""""""""""""""""""""""""""""""""""""" m short- range 248

frequency ( arbitrary units )

0 0.0002 0.0004 0.0006 0.0008
energy error (eV)

Figure 2. Errors introduced using the short-range relaxation region, with cut-
off regions encapsulating 248 and 754 atom sites centred on the original vacancy
position. The vertical axis shows the frequency of errors. The tests were performed
over the same configurations as figure 1, so the frequency is at the same scale. Here
it is seen that the probability of the difference in energy between relaxed states being
in error by more than 0.001eV becomes very small with the larger cut-off region.

We have chosen to use a relaxation region of 754 atoms about the original vacancy
location, which produces errors in the energy of the order of 1meV.
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alloy aluminium copper magnesium

at.% (wt.%) na |at.% (wt.%) nc. | at.%  (wt.%) nayg

1 98 (95.4) 10755 2 (4.6) 220

2 97.8 (95.2) 10733 | 2 (4.6) 220 | 0.2 (0.2) 22

3 97.5 (95.0) 10700 | 2 (4.6) 220 | 0.5 (0.4) 25

4 96 (91.1) 10536 | 4 (8.9) 439

> 95.8 (90.9) 10514 | 4 (8.9) 439 | 0.2 (0.2) 22

6 95.5 (90.6) 10481 4 (8.9) 439 | 0.5 (0.4) 5}

7. 94.0 (86.9) 10316 | 6 (13.1) 659

Table 1. Aluminium alloy compositions

3. Clustering in the Al-Cu and Al-Cu-Mg systems

The alloy compositions we have studied are listed in table 1. We have chosen a supercell
of 10976 atoms (14 x 14 x 14 fcc unit cells) run for at least one hundred thousand vacancy
exchanges.

We have modelled natural ageing, that is to say ageing at room temperature ( 300K ) as
opposed to artificial ageing at elevated temperatures. This is to provide a large driving force
for clustering. We have also chosen to use a single vacancy in these diffusion simulations.
The equilibrium vacancy concentration p at a given temperature 1" is determined by the free
energy of formation AGy of a vacancy, given by p = exp (—%) . The constant vacancy
concentration we have chosen, being nearly 1 x 107° | is in equilibrium at somewhat higher
solutionising temperatures. We are assuming that the system has been held at this higher
temperature until a random solid solution of atoms with this vacancy concentration has
formed. The system is then rapidly quenched to our simulation temperature, here being
300K.

Note that as we are performing off-lattice Monte Carlo, the removal of vacancies by
dislocation climb or absorption at grain boundaries is allowed in the simulation procedure,
even though these cases have not been explicitly considered here.

The aim of this set of computer simulations is to answer the following questions:
(i) Does incorporating elastic strain effects into the determination of the diffusion path of
a vacancy have any real effect on the kinetics of phase separation?

(ii) What difference, if any, is made by adding a small concentration of magnesium atoms
to an Al-Cu alloy?

3.1. Effect of elastic strain on vacancy diffusion

The kinetic Monte Carlo algorithm [25] returns a real time, a stochastic variable
approximating the actual elapsed time during the transition drawn from Gamma
distributions. In the Flynn model of equation (2.1) the time taken is determined the
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average elastic compliance of the system, the atomic volume of the migrating atom and
the difference between the energies of the initial and final states for each jump. To complete
the parameterisation of the Flynn model, we need a value for the Debye frequency. The
results we present assume a constant Debye frequency equal to that of pure aluminium,
taken to be 1.19 x 10" Hz.

Only one type of transition, a nearest neighbour vacancy-atom exchange, is permitted
in this simulation. So we can identify the rate of hopping as proportional to the mobility
of the vacancy. The time taken for the same number of vacancy moves with and without
atomic relaxation is shown in figure 3. In the case of the Al-Cu alloys, we find that running
the simulation on a flexible lattice increases the real time taken for a given number of
exchanges. On a flexible lattice, the real time simulated is roughly 10%-20% greater over
100000 exchanges, reflecting a commensurate decrease in the mean vacancy hopping rate.
In more familiar terms the mobility of the vacancy is reduced on a flexible lattice. The
origin of this reduction must be that the relaxations in a flexible lattice produce a greater
variability in the configurational energy of the system as the vacancy migrates. In a flexible
lattice the vacancy is attracted to certain sites, where it spends longer periods of time. We
are confident that the variations in the configurational energies we calculate are real in the
sense that they are not a consequence of inadequately converged relaxations, as discussed in
section 2.5.

flexible lattice rigid lattice
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— —Al-2%Cu -0.2%Mg ———Al-4%Cu -0.2%Mg
— —Al-2%Cu -0.5%Mg —Al-4%Cu -0.5%Mg

Figure 3. Effect of performing the simulation on a flexible lattice on the real time
simulated. Times shown are the simulated real time (in seconds) for a sequence of
100000 vacancy moves.

In the case of Al-Cu-Mg alloys, the time differences in the flexible and rigid lattices
are even more pronounced, with the time simulated being 5 times greater with 0.2% Mg
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(alloys 2,5), and around 10 times greater with 0.5% Mg (alloys 3,6). Note that steep steps
in the plot are seen in the flexible lattice calculation when Mg is present, indicating that
the vacancy is trapped temporarily. In the rigid lattice calculation these steps are absent in
these early stages, although steps do appear later when there is significant clustering [25].

3.2. Effect of elastic strain on clustering

3.2.1.  Al-Cu We now consider the short-range ordering of copper atoms. We know
from separate Monte Carlo simulations using the same potentials that L1y and L1y type
intermetallic structures, rather than the 6 phase, are preferentially generated. We can define
a short-range order parameter to measure the degree of ordering of copper atoms into pairs
separated by a < 100 > vector. There are n¢, copper atoms in the system. At any time, there
will be a certain number of such pairs of atoms n.199~. A periodically repeated block of L1,
structure Al3Cu with the same number n¢,, of copper atoms would have every neighbouring
copper pair linked by a < 100 >-type vector. An illustration of this type of clustering is
shown in figure 4. There would be 4 x 6 X n¢, such pairs, where the factor of a half stops
us from double counting each pair. Our short-range order parameter, sroc,, measures how
close we are getting to this low energy intermetallic phase:

N<100>
= 3.1
STOCwy, 1/2 X 6 X New ( )

We can investigate how the clustering is affected by the lattice being flexible by plotting
this short-range order parameter as a function of the real time simulated. In figure 5 we
plot the evolution of the short- range ordering of copper atoms in Al-Cu on a flexible and
on a rigid lattice. The traces corresponding to the rigid lattice calculations are much less
computationally expensive than those on a flexible lattice, and so have been generated by
averaging over five independent simulation runs. The order parameter is found as the average
over fixed time intervals, evenly spaced on the logarithmic real time scale.

The traces for the flexible lattice calculations each took about one month of computation
on four Sun UltraSPARC IIT 900MHx Processors . For this reason these simulations were
done once only.

It is clear that at all three alloy compositions simulated there is a marked increase in
the rate of ordering of copper atoms on a flexible lattice, despite the reduction of the vacancy
mobility seen in figure 3. The speed of diffusing copper atoms is determined by the product
of the vacancy mobility and the force driving their motion. Therefore there must be an
additional driving force for clustering on a flexible lattice as compared with a rigid lattice.
Once clustering has initiated somewhere in the system it will bias the motion of other copper
atoms towards the cluster along lobes of compressive stress surrounding the cluster. The
additional driving force must more than compensate the reduction of the vacancy mobility
to produce the increased rate of ordering of copper atoms on a flexible lattice.

3.2.2. Al-Cu + 0.2 at.% Mg Copper atoms are expected to be centres of tension, and
magnesium atoms centres of compression in an aluminium matrix. Therefore, there will be
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an attractive elastic interaction between Cu and Mg atoms on a flexible Al lattice. We might
therefore expect to see Cu atoms segregating to Mg rich regions. However, the rate at which
such a process occurs may be reduced by vacancies becoming trapped by Mg atoms. This
trapping may be expected to occur more effectively on a flexible lattice where the motion
of vacancies is biased by the elastic fields of Mg atoms, and more stable vacancy-Mg atom
complexes may form through elastic relaxation.

In figure 6 we examine the effect of adding microalloying quantities of Mg atoms to
Al-Cu alloys on the clustering of Cu and Mg atoms. The degree of clustering of magnesium
atoms may be followed by defining an order parameter for the evolution of close packed
clusters of magnesium atoms:

1)y Yp0>

STONGg — 57—
Ty X 12 X Ny

(3.2)

where N 11005 is the number of (Mg — Mg)<1/21/20> pairs, and np, is the number of
magnesium atoms present in the system. It can be seen that the rate of ordering of copper
atoms is still enhanced on a flexible lattice in the presence of 0.2 at.% Mg. But, the rate of
clustering of magnesium atoms is reduced on a flexible lattice until later times.

3.2.8. Al-Cu + 0.5 at.% Mg In figure 7 the effect of adding a higher concentration of Mg
is simulated. With the higher Mg content it is no longer the case that the rate of ordering
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Figure 4. Snapshots from Al-4at% Cu system with 10976 atoms on a flexible lattice.
The vacancy location is indicated with a black sphere. The copper atoms are shaded
according to the number in the cluster, with single copper atoms and aluminium
atoms not shown. Two copper atoms belong to the same cluster if they are nearest
or next nearest neighbours. After 150000 vacancy moves ( a real time of 490s ) the
copper atoms have clustered together significantly.
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of copper atoms on a flexible lattice is enhanced.

It is seen that again the Mg atoms are clustering at a later time when the simulation
is run with a flexible lattice. However, when it occurs the degree of clustering of Mg is
enhanced at this higher Mg concentration.

3.3. Association of vacancies with Mg atoms

The number of magnesium atoms surrounding each vacancy is plotted as a function of time
for rigid and flexible lattices in figure 8. On a rigid lattice we see that the number of
magnesium atoms around a vacancy increases with time, but that this is not the case on a
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Figure 5. Ordering in the Al-Cu system. These simulations were performed

with a single vacancy in a periodic supercell of 10976 lattice points, with zero
external stress, at a simulated temperature of 300K. The simulations comprised
approximately 200,000 vacancy moves for alloys 1 and 7 and 250,000 moves for alloy
4. The order parameter is defined in equation (3.1). The lines are to guide the eye.
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flexible lattice, at least for real times of up to 1000s. On the rigid lattice, magnesium clusters
are forming, and the vacancies are associated with these clusters.

4. Summary of results and discussion

We may summarise the principal results of our simulations as follows:

(i) The real time taken for the first 100,000 vacancy moves in a flexible lattice is greater
for all alloys we have considered than in a rigid lattice. This is evident in figure 3.
Therefore, the mobility of the vacancy is reduced on a flexible lattice.

Al -2%Cu -0.2%Mg Al -4%Cu -0.2%Mg
01 0.1
-o—Mg-Mg flex -o-Mg-Mg flex
-6-Mg-Mg rigid —e-Mg-Mg rigid
0.09 - - Cu-Cu flex 0.09 - _w cu-Cu flex
-8~ Cu-Cu rigid -8~ Cu-Cu rigid
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Figure 6. Ordering in the Al-Cu-0.2%Mg system. These simulations used the same
parameters as those in figure 5, and the traces were generated in the same way. The
degree of clustering of Mg atoms is measured by the short range order parameter
defined in equation (3.2). We see that there is some clustering of Mg atoms, and
ordering of Cu atoms, present on both rigid and flexible lattices. The rate of ordering
of copper atoms is significantly increased on the flexible lattices. The clustering of
magnesium atoms seems to occur at later times on a flexible lattice as compared
with a rigid lattice.



Diffusional phase transformations with elastic strain 19

(ii) In figure 3 we also saw that on a flexible lattice the presence of Mg in the alloy has the
effect of increasing the time taken for 100,000 vacancy moves, and vacancy trapping is
more evident.

(iii) Figure 5 shows that, in the absence of Mg, Cu orders more rapidly on a flexible lattice
than on a rigid lattice. In view of the reduced mobility of vacancies in a flexible lattice
this implies that the driving force for ordering of Cu is greater in a flexible lattice. This
is expected because on a flexible lattice the relaxation enables Al-Cu bonds to adjust
closer to their ideal length.

(iv) At 0.2 at.% Mg copper orders more rapidly on a flexible lattice than on a rigid lattice
(see figure 6), but at 0.5 at.% Mg ( see figure 7 ) this difference is much less pronounced,
except possibly at the longest real times simulated. The driving force for ordering of Cu
atoms is unlikely to be affected by such small additions of Mg. We suggest, therefore,
that at the higher Mg concentration the vacancy is more frequently trapped by Mg
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Figure 7. Ordering in the Al-Cu-0.5%Mg system. These simulations used the same
parameters as those in figure 6, and the traces were generated in the same way.
Again the magnesium atoms are seen to cluster at later times on a flexible lattice
than were seen on the rigid lattice. However, here the clustering of Mg atoms is
more extensive, and the clustering of copper atoms reduced.
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atoms.

(v) Figures 6 and 7 show that Mg does not initially cluster as rapidly on a flexible lattice as
on a rigid lattice. We attribute this behaviour to the increased trapping of the vacancy
in the presence of Mg on a flexible lattice. We note that in figures 6 and 7 the real time
is plotted on a logarithmic scale, and therefore most of the vacancy moves take place at
the far right of these plots.

(vi) Figure 8 shows that at a given time there are on average more Mg atoms around each
vacancy on a rigid lattice than on a flexible lattice. Moreover, this difference increases
with time. This implies that clusters of Mg atoms are forming on a rigid lattice and
that vacancies are associated with them.
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Figure 8. The proportion of atoms surrounding the vacancy which are magnesium.
On a rigid lattice (left) the number of magnesium atoms surrounding a vacancy
increases with time. This, together with the clustering of magnesium atoms seen
in figs 6 and 7 shows that on a rigid lattice magnesium clusters are forming, and
the vacancies are associated with them. On a flexible lattice (right) the number of
magnesium atoms around a vacancy is not increasing.
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4.1. Conclusions

We have presented a method to rapidly evaluate on-the-fly transition rates for possible
vacancy moves incorporating atomistic elastic relaxation, by approximating the saddle points
as a function of the internal energy of the initial and final states. We found that the
harmonic lattice approximation was insufficient for measuring the tiny difference in the elastic
relaxation energy between possible vacancy moves. However a scheme based on relaxing only
the local region around the vacancy was capable of reducing errors in the system energy to
an acceptable fraction of the thermal energy. This short-range scheme was found to be
successful for evaluating the transition energies for possible vacancy moves, although a full
atomistic relaxation was required after the move was decided.

The Lanczos method is particularly suitable for atomic relaxation after a single vacancy
move, as each iteration effectively spreads the relaxation region further from the atoms
experiencing a force around the vacancy. Although the relaxations remain time- consuming,
our use of this relaxation scheme has enabled us to model hundreds of thousands of vacancy
moves while keeping the system atomistically relaxed.

The rate at which phase separation can occur in alloys is proportional to the mobility of
vacancies and to the driving force for diffusion. Both of these may be affected by performing
the simulation on a rigid lattice rather than on a flexible lattice. We have seen in figure 3
that the vacancy mobility is quite different on flexible and rigid lattices. Vacancies may be
attracted to impurities through long-range elastic fields, and may form complexes that are
more stable on a flexible lattice than on a rigid lattice. As a result the vacancy mobility may
be reduced significantly on a flexible lattice. The exclusion of elastic relaxation in a rigid
lattice has the effect of smoothing the configurational potential energy surface, especially in
those regions of configuration space where vacancies would have become trapped if elastic
interactions had been included.

However, we also saw in figure 5 that the rate of ordering of copper atoms is lower in a
rigid lattice than in a flexible lattice. The apparent paradox is resolved by noting that there
is a reduced driving force for ordering of copper atoms on a rigid lattice, where bonds are
constrained to remain longer than they would be in a relaxed lattice, and this more than
outweighs the greater vacancy mobility in a rigid lattice.

A small concentration ( 0.2 - 0.5 at. % ) of magnesium atoms added to the system
are rapidly precipitated out of solution in a rigid lattice, owing to the very high energy
compressed bonds around each Mg atom. In a flexible lattice the solubility of Mg is enhanced
somewhat, and instead their principal action is to reduce severely the vacancy mobility. Mg
atoms are especially trapping in a flexible lattice as the compression in the lattice around
each atom is alleviated by the formation of a Mg - vacancy pair.

At present, we have applied the coupling of the Lanczos relaxation algorithm and
stochastic second order kinetic Monte Carlo method only to the investigation of phase
nucleation in aluminium-copper-magnesium alloys. We believe that the method has more
general applicability. With an estimation for the free energy barriers to atom movement into
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divacancies and larger vacancy clusters, it would be possible without further refinement of
the code to model the formation of pores in irradiated materials under elastically relaxed
conditions.
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